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The 3He lung morphometry technique (Yablonskiy et al., JAP, 2009), based on MRI measurements of
hyperpolarized gas diffusion in lung airspaces, provides unique information on the lung microstructure
at the alveolar level. 3D tomographic images of standard morphological parameters (mean airspace chord
length, lung parenchyma surface-to-volume ratio, and the number of alveoli per unit lung volume) can be
created from a rather short (several seconds) MRI scan. These parameters are most commonly used to
characterize lung morphometry but were not previously available from in vivo studies. A background
of the 3He lung morphometry technique is based on a previously proposed model of lung acinar airways,
treated as cylindrical passages of external radius R covered by alveolar sleeves of depth h, and on a theory
of gas diffusion in these airways. The initial works approximated the acinar airways as very long cylin-
ders, all with the same R and h. The present work aims at analyzing effects of realistic acinar airway struc-
tures, incorporating airway branching, physiological airway lengths, a physiological ratio of airway ducts
and sacs, and distributions of R and h. By means of Monte-Carlo computer simulations, we demonstrate
that our technique allows rather accurate measurements of geometrical and morphological parameters of
acinar airways. In particular, the accuracy of determining one of the most important physiological param-
eter of lung parenchyma – surface-to-volume ratio – does not exceed several percent. Second, we analyze
the effect of the susceptibility induced inhomogeneous magnetic field on the parameter estimate and
demonstrate that this effect is rather negligible at B0 6 3T and becomes substantial only at higher B0

Third, we theoretically derive an optimal choice of MR pulse sequence parameters, which should be used
to acquire a series of diffusion-attenuated MR signals, allowing a substantial decrease in the acquisition
time and improvement in accuracy of the results. It is demonstrated that the optimal choice represents
three not equidistant b-values: b1 = 0, b2 � 2 s/cm2, b3 � 8 s/cm2.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Although the human (and most animal) lungs have a hierarchi-
cal branching pattern, 95% of their space resides at the acinar level
where gas exchange takes place. Standard histological studies treat
acinus as a conglomerate of alveoli and characterize their micro-
structure by means of such parameters as mean airspace chord
length (Lm), lung parenchyma surface-to-volume ratio (S/V), and
the number of alveoli per unit lung volume (Na) (see for example
[1]). More sophisticated (but much more labor consuming) meth-
ods allow characterizing acinus as a set of acinar airways (alveolar
ducts and alveolar sacs) of cylindrical geometry with external ra-
dius R, covered by alveolar sleeve of the depth h [2,3] – Fig. 1.
The 3He lung morphometry technique, developed in our laboratory
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[4–6], demonstrated a great potential for evaluation of lung micro-
structure, based on 3He MRI measurements of inhaled gas diffusion
in lung airspaces in human [6] and small animal [7] lungs. It pro-
vides information on both standard (Lm, S/V and Na) and advanced
(R and h) lung micro-geometrical parameters.

This 3He lung morphometry technique is based on a Stejskal–
Tanner pulsed field gradient [8] MRI measurements of diffusion of
inhaled hyperpolarized 3He gas in lung airspaces. To establish the
relationship between the measured 3He gas diffusion-attenuated
MR signal and lung structure, lungs should be described in terms
of some basic geometrical elements. In our experiments in human
lungs we selected diffusion time D about 1–2 ms (this should be se-
lected shorter in small animals, like mice [7]). Given that the free
diffusion coefficient of 3He gas in air, D0 = 0.88 cm2/s, a correspond-
ing characteristic diffusion length L1 ¼ ð2D0DÞ1=2 (rms displace-
ment in one direction) is about 0.4–0.6 mm – much larger than
the average alveolar radius of 0.15–0.2 mm [9] but smaller than
the mean length of alveolar ducts Ld (�0.73 mm) or alveolar sacs
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Fig. 1. Left panel: schematic structure of two levels of acinar airways. Open spheres represent alveoli forming an alveolar sleeve around each airway. Each acinar airway can
be considered geometrically as a cylindrical object consisting of a tube embedded in the alveolar sleeve. Middle and right panels: two cross sections of the acinar airway model
used in our simulations, with two main parameters: external radius R and depth of alveolar sleeve h. The other parameters, the internal radius r and the alveolar length L, are:
r = R � h, L = 2R sin p/8 = 0.765R [6].
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Ls (�1 mm) [3]. Hence, gas can diffuse out of alveoli and across the
acinar airways in the time duration of the MR measurement. Under
these conditions we proposed to choose acinar airways, rather than
alveoli, as elementary geometrical units relevant to our experimen-
tal measurements and describe restricted diffusion of 3He atoms in
each acinar airway as anisotropic, with two apparent diffusion coef-
ficients: longitudinal, DL, along the acinar airway axis and trans-
verse, DT, perpendicular to this axis [4]. In [5,6], the apparent
diffusion coefficients DL and DT were related to the lung morpho-
metric parameters. Corresponding equations are also provided in
Appendix of this paper. Importantly, DL and DT determined from
MR experiment, depend not only on lung microstructure but also
on details of Stejskal–Tanner pulse sequence (diffusion attenuated
gradients strength and duration [5]), hence the term ‘‘apparent”.
The theory of 3He gas diffusion-attenuated MR signal [4] also takes
into account the fact that with current resolution of several mm,
imaging voxels contain hundreds if not thousands of acinar airways
of different orientations. Hence, on a macroscopic (large voxel)
scale, the 3He gas diffusion-attenuated MRI signal is isotropic. The
diffusion-attenuated MR signal from a voxel containing a multitude
of airways oriented equally in all directions is a sum of signals from
individual airways and is described as follows [4]:

SðbÞ ¼ S0 expð�bDTÞ
p

4bðDL � DTÞ

� �1=2

�U ðbðDL � DTÞÞ1=2
h i

; ð1Þ

where U is the error function, the apparent diffusion coefficients DL

and DT are defined by Eqs. (13), (14), (16), (17) in Appendix and
b-value is defined by Eq. (4). Thus, our technique incorporates the
salient feature of gas diffusion in acinar airways on the time scale
of a few milliseconds, namely, its microscopically anisotropic but
macroscopically isotropic character. This prediction of our theory
and validity of Eq. (1) was confirmed in vivo by experimental mea-
surements in humans [4,6], canines [10], mice [7] and especially for
a broad range of b-values (up to 40 s/cm2) in rats [11].

The 3He lung morphometry technique is to fit Eq. (1) to a multi-
b value measurement of a diffusion-attenuated MR signal using
Eqs. (13), (14), (16), (17) in Appendix that connect the apparent
diffusion coefficients DL and DT to parameters R and h. Thus, R
and h and amplitude S0 are the only fitting parameters. Other phys-
iological quantities of interest (surface-to-volume ratio S/V, mean
chord length Lm, alveolar density Na) can then be calculated [6]:

S=V ¼ 2pR � Lþ2p � ðR2 � r2Þ þ 16ðR� rÞ � L
pR2L

; L¼ 2R sin
p
8
¼ 0:765R

Lm ¼ 4 �V=S; Na ¼ 1=ðpR2LÞ
ð2Þ

Comparison of these parameters obtained in human lungs by
means of the 3He lung morphometry technique and those found
by direct histological measurements has revealed very good agree-
ment [6], thus providing direct validation of the proposed 3He lung
morphometry technique.

As already mentioned above, our model incorporates the salient
feature of gas diffusion in acinar airways on the time scale of a few
milliseconds (human lungs), namely, its microscopically anisotropic
but macroscopically isotropic character. However, as any model
mimicking a complicated structure, it is based on assumptions
and simplifications that might bias the measurements. In this man-
uscript, computer Monte-Carlo simulations are used to simulate the
MR signal Ssim(b) in the ‘‘expanded” model accounting for: (a) the
branching structure of the acinar airways and the finite length of
alveolar ducts and sacs, (b) the distribution of airway geometrical
parameters R and h, and (c) the effects of internal inhomogeneous
magnetic fields. We will fit then the simulated signal Ssim(b) by
our original method [6] – using Eq. (1) with the apparent diffusion
coefficients DL and DT defined by Eqs. (13), (14), (16), (17) in
Appendix and see how well the measurement method recovers
the parameters R and h used in the simulations. We will also address
some other details related to derivation of our theoretical model.

Besides, we will answer the important question: what is the
best choice of b-values to optimize the accuracy and precision of
the S/V measurement? For this purpose, we will use the Bayesian
probability theory and minimize the variance of the S/V statistic
with respect to b-values.

2. Methods – lung model and computer Monte-Carlo
simulations

Generally, to analyze the MR signal in an acinus by means of
computer simulations, one might want to ‘‘construct” a complete
model of the acinus with numerous airway generations included.
However, as follows from our simulations, in the range of diffusion
times D used in our experiments in human lungs (1.8 ms), most of
the particles which originate (i.e. start their random walk) in any
given airway will remain in the initial airway or move to (essen-
tially) only one adjacent airway. The probability to reach the next
branching node and to diffuse into the next-to-adjacent airway is
negligibly small. That is why the signal from the 3He atoms origi-
nating in one airway (duct or sac) does not depend on whether
the adjacent airways are ducts or sacs. Moreover, these adjacent
airways can be considered infinitely long, ignoring their branching
because of the extremely low probability of a diffusing atom reach-
ing the ‘‘next branching node”. Of course, such a simplification is
not valid for long diffusion times. Thus, it is sufficient for our diffu-
sion times to consider only two different simplified airway config-
urations as shown in Fig. 2.

The first configuration with two nodes (Fig. 2a) corresponds to
an alveolar duct of generation Z (shaded horizontal airway in
Fig. 2a), surrounded by a ‘‘parent” duct of generation (Z � 1), a
‘‘sister” airway of generation Z, and two ‘‘daughter” airways of



Fig. 2. Two airway configurations used in computer simulations. The internal alveolar structure of the airways is not shown and the aspect ratio is changed for better view of
the structures. The highlighted airway (grey shading) at left is an airway duct and at right an airway sac.
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generation (Z + 1). In what follows, we assume symmetrical
branching with half-angle a, a ‘‘parent” and its ‘‘daughter” airways
being co-planar. Virtually no atoms sample airways on both sides
of the central, shaded airway, so the relative orientation of the
two planes (to left and right of the central airway) is not important.
The second configuration with one node (Fig. 2b) corresponds to an
alveolar sac of terminal generation Z (shaded horizontal airway in
Fig. 2b), surrounded by a ‘‘parent” duct of generation (Z � 1) and a
‘‘sister” airway of generation Z.

The branching angle a characteristic of acinar airways is exper-
imentally unknown so far. However, according to microphoto-
graphs in [12], this angle is smaller than in conducting airways.
For the latter, we can speculate that the branching angle should
be similar to that for arterial blood vessels analyzed in [13], where
it was found that 2a resides in the interval 75–90�. Obviously, the
effect of branching on the MR signal formation increases with
increasing a (if the angle a is 0, the branching plays no role at
all). In our simulations, we choose a = 40� to provide estimates
for the accuracy of our approach, corresponding to a worst case
scenario.

We calculate signals from ducts and sacs separately. For this
purpose, 106 particles are uniformly generated within the ‘‘main”
airway (shaded in Fig. 2) and then allowed to randomly walk with-
in one of the structures shown in Fig. 2. According to [3], the num-
ber of ducts Nd and sacs Ns is approximately the same, Nd = Ns (this
is a property of a binary tree). However, the average lengths of
ducts and sacs are different: Ld = 0.73 mm and Ls = 1 mm [3], corre-
sponding approximately to the size of 3 and 4 alveoli, respectively.
Thus, the lengths of the ‘‘main” duct and sac in the simulations are
chosen to be 3L and 4L, respectively (with L defined in Fig. 1). To
account for a distribution of airway geometrical parameters and
the distribution of the orientations, the following sampling was
adopted for each generated particle:

– The geometrical parameters of the airways (R and r) were cho-
sen according to Gaussian distributions centered at R0 and r0

with STD of 17% of the mean values [3].
– The orientation of the ‘‘main” airway with respect to the exter-

nal field gradient G, as well as the orientations of the planes
spanning the airways corresponding to the nodes in Fig. 2, were
chosen randomly.

Such a procedure leads to self-averaging of the signal with re-
spect to the aforementioned orientations and distribution of air-
way geometrical parameters. The total normalized MR signal can
be calculated as a weighted sum of normalized signals from the
particles generated in ducts (sd) and sacs (ss):

Ssim ¼ ð3sd þ 4ssÞ=7: ð3Þ

The details of computer simulations of random-walks were fully
described in [5]. At each computer step of duration Dt = 10�3 ms, a
particle moves with equal probability in one of 8 directions (±1,
±1, ±1) over distance l0 = (6D0 � Dt)1/2, where D0 = 0.88 cm2/s is the
free diffusion coefficient of 3He gas in N2 or air. At each step j of a ran-
dom walk through the magnetic field gradient, a particle gains a spin
precession phase Dwj = cG(tj) � r(tj) � Dt, where r(tj) is the position of
the particle at step j, and G(tj) is the time-dependent magnetic field
gradient used for diffusion encoding. The index j enumerates
computer time steps running from 0 to N = T/Dt, where T is the full
sequence time and tj = j � Dt. If a contemplated jump would pass
through any boundary (see Fig. 1), the move is rejected and the
particle remains at the initial position. The MR signal from each par-
ticle is equal to exp (iw), w ¼

PN
j¼0Dwj.

Our diffusion measurements use the Stejskal–Tanner pulsed
field gradient experiment [8] in which a free-induction decay MR
signal is interrupted by two opposite-polarity diffusion-sensitizing
gradient pulses characterized by the so-called b-value. For the gra-
dient waveform selected in our experiment [4], the b-value is:

b ¼ ðcGmÞ2 d2 D� d
3

� �
þ s d2 � 2Ddþ Ds� 7

6
dsþ 8

15
s2

� �� �
ð4Þ

where c is nuclear gyromagnetic ratio, Gm is the gradient lobe
amplitude, D is the spacing between the leading edges of the posi-
tive and negative lobes, d is the duration of each lobe, and s is a
ramp-up and ramp-down time. Typical values of these parameters
used in our experiments are D = d = 1.8 ms, and s = 0.3 ms. In simu-
lations, we use D = d = 1.8 ms, s = 0. The sequence timing parame-
ters are kept constant and the b-value, Eq. (4), is altered from 0 to
10 s/cm2 by changing the gradient amplitude Gm.

The signal Ssim(b), Eq. (3), calculated for a set of the input
parameters R0 and r0 is then fitted (v2 – minimization) by our mod-
el, Eq. (1) with the apparent diffusion coefficients DL and DT defined
by Eqs. (13), (14), (16), (17).

3. Results and discussion

3.1. Branching effects, finite length of alveolar ducts and sacs, the
distribution of airway geometrical parameters R and h

The input values of the geometrical parameters (typical for
healthy lungs and lungs with mild emphysema) used in our simu-
lations and those found from the model (fitting parameters) are
presented in Table 1. The numbers in parenthesis represent the rel-
ative difference (in%) between the value found from the analysis
and the corresponding input value. In Table 1, the value of sur-
face-to-volume ratio S/V is also included.

According to Table 1 all the parameters (R, r, S/V) found from fit-
ting the model to simulated data using Eq. (1) with DL and DT de-
fined by Eqs. (13), (14), (16), (17), representing an idealized
structure of branching acinar airways, are very close to the input
values. In particular for the surface-to-volume ratio, the average
difference is 6.5% and does not exceed 11%. We also added Gauss-
ian noise to the simulated data (SNR = 100), and found practically
no difference in output values. It means that for SNR equal or



Table 1
Results obtained for lung acinar airway structure depicted in Fig. 2 with a = 40� and
parameters R and r distributed according to Gaussian distributions centered at R0 and
r0 with STD of 17% of the mean values [3]. The numbers in parenthesis represent the
relative difference (%) between the value found from the fitting analysis and the
corresponding input value.

Input parameters Fitting parameters

R0 (lm) r0 (lm) (S/V)0 (cm�1) R (lm) r (lm) S/V (cm�1)

300 140 225 286 (�5%) 135 (�4%) 235 (4%)
300 180 190 296 (�1%) 163 (�9%) 210 (8%)
350 180 183 314 (�10%) 171 (�5%) 196 (7%)
350 220 156 330 (�6%) 199 (�9%) 172 (9%)
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bigger than 100 fitting differences associated with noise are much
smaller than that related to other sources. Note also that in our
experiments, SNR is usually much higher than 100.

One of the main assumptions of our model was the ability to de-
scribe the total MR signal from an acinus as the sum of signals from
individual acinar airways. This assumption holds only if a diffusing
3He atom resides primarily within the same airway throughout the
diffusion gradient pulse. As our diffusion times are smaller than
the characteristic time to diffuse the length of an airway, this
might happen in two ways. First, a particle might spend all or most
of the time in the same airway where it originated; most likely
these are particles that originate near the center of the airway or
ones that originate around one airway end and diffuse toward
the other end. Second, particles can originate near the airway open
end, diffuse into the adjacent airway and perform most of their
random walk there. Our simulations demonstrate that indeed,
most walkers spend most of their diffusion time (typically, 75%)
within a single airway. This explains why our approach, based on
the assumption of ‘‘non-communicating” airways, describes data
very well, as shown in Table 1.
3.2. Non-Gaussian effects in the theory of 3He lung morphometry
technique

Our previous Monte-Carlo simulations [5] demonstrated that
for a single acinar airway MR signal dependence on b-value devi-
ates from monoexponential behavior but for the moderate b-val-
ues used in most experiments (up to 10–12 s/cm2), the MR signal
can be well described by the second-order cumulant expansions
when diffusion gradient is oriented either parallel or perpendicular
to an acinar airway axis, see Eqs. (12), (13), (15), and (16). These
expressions include terms of order b and b2 in the exponential.
That is often called kurtosis approximation (see for example
[14]). The dependence of the apparent diffusion coefficients DL(b)
and DT(b) on b-value in Eqs. (5) and (1) reflects non-Gaussian ef-
fects that are always present in diffusion-attenuated MR signal in
case of restricted diffusion (see for example discussion in [15]).
In our approach [5,6] we have made an assumption that for an
arbitrary orientation of the acinar airway with respect to the diffu-
sion gradient, characterized by angle h, the signal can be described
by the following equation:

Sðb; hÞ ¼ S0 � exp �b DLðbÞ cos2 hþ DTðbÞ sin2 h
h in o

ð5Þ

where apparent diffusion coefficients DL(b) and DT(b) are given in
Eqs. (13) and (16). Then, the diffusion-attenuated MR signal from
a voxel containing a multitude of uniformly oriented airways is a
sum of signals from individual airways [4], resulting in Eq. (1).

Strictly speaking, for arbitrary angle h the second-order cumu-
lant expansion in Eq. (5) contains a small additional term in the
exponent, proportional to b2 sin2 h cos2 h. This term, however, con-
tributes only within a rather narrow interval about h � p/4 and
therefore would have a small effect on the total signal from a voxel
comprised of a multitude of airways with different orientations in
Eq. (1). At the same time, its inclusion could unjustifiably compli-
cate the analytical expression for the MR signal in Eq. (1). Thus, this
term is omitted in our approach.

To demonstrate that the effect of this term on the total signal
from a multitude of uniformly oriented airways is really small, we
simulated the signal Ssim(b) in a system of infinite-length airways
(no branching, no sacs, no internal fields) and compared it with
the signal calculated by our standard approach (Eq. (1) and associ-
ated Eqs. (13), (14), (16), (17) in Appendix), identical to Eqs. (A1)–
(A5) in [6]. The results are presented in Fig. 3 for the same input
parameters R0 and r0 as in Table 1. These results demonstrate that
even for b = 10 s/cm2, there is a very good agreement between the
simulated and calculated signals. We note that the curves in Fig. 3
are not the fitting results with adjustable R and r but calculations
with the same input parameters as simulations. When we do fit
Eq. (1) and associated Eqs. (13), (14), (16), (17) (or Eqs. (A1)–(A5)
in [6]) to these generated data, we find fitting parameters that are
very close to the input parameters. The average errors are about
3% and 4% for parameters R and r, correspondingly.

Recently Parra-Robles et al. [16] argued about the theoretical ba-
sis of our technique. Based on their experimental results obtained on
phantoms, they stated that our results ‘‘are not valid for large diffu-
sion gradient strengths (above 15 mT/m), which are commonly used
for 3He ADC measurements in human lungs”. Note that for diffusion
time of 1.8 ms, used in our simulations and measurements, b = 10 s/
cm2 corresponds to gradient strength Gm � 30 mT/m – twice as large
as the number claimed by Parra-Robles et al. as the threshold for
break-down of our model. Our results demonstrated in Fig. 3 show
that conclusions made by Parra-Robles et al. [16] based on phantom
experiments are not applicable to our method.

3.3. Effects of Internal field gradients

In the presence of magnetic field B0, lung parenchyma becomes
weakly magnetized, creating a secondary inhomogeneous magnetic
field in the lung airspaces. This field depends on the geometry of the
septa forming alveoli and the susceptibility difference Dv between
the septa and the lung airspaces. In the model of acinar airways
shown in Fig. 1, there are three types of septa in each airway, i.e.
external cylindrical surface with radius R, transverse rings with
external and internal radii R and r, respectively, and planes of width
h = R � r, parallel to the airway axis. For all these shapes the mag-
netic field can be calculated analytically by solving Maxwell’s equa-
tions in the small-susceptibility limit and taking into account that
the thickness of alveolar septa, d, is much smaller than R and r. We
are interested in the component of this field parallel to the external
magnetic field B0. Ignoring effects of finite airway length, we first
note that the cylindrical surface does not create secondary field in-
side the airway. The contribution from the rings, Br, is as follows:

Br ¼
P1

j¼�1
½BðjÞq ðxnx þ ynyÞ=qþ BðjÞz nz�

BðjÞq ¼ B0nzd Dv � ½Fqðq; zj;RÞ � Fqðq; zj; rÞ�

BðjÞz ¼ B0nzd Dv � ½Fzðq; zj;RÞ � Fzðq; zj; rÞ�

Fqðq; zj; aÞ ¼
zj
q

mðjÞa
aq

� �1=2 a2þq2þz2
j

� �
ða�qÞ2þz2

j

� E mðjÞa

� �
� K mðjÞa

� �2
4

3
5

Fzðq; zj; aÞ ¼
mðjÞa
aq

� �1=2 a2�q2�z2
j

� �
a�qð Þ2þz2

j

� E mðjÞa

� �
þ K mðjÞa

� �2
4

3
5

mðjÞa ¼
4aq

ðaþ qÞ2 þ z2
j

; q ¼ ðx2 þ y2Þ1=2
; zj ¼ z� jL

ð6Þ



Fig. 3. Examples of diffusion-attenuated MR signals from a random distribution of acinar airways: symbols – simulated signals; curves – signals calculated using Eq. (1) with
DL and DT defined by Eqs. (13), (14), (16), (17) for the same parameters R0 and r0.
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Here (x, y, z) are Cartesian coordinates with the origin at the center
of one of the rings with the z axis parallel to the airway axis;
(nx, ny, nz) are projections of the unit vector parallel to the main
magnetic field B0; K(m) and E(m) are the complete elliptic integrals
of the first and second kind, respectively. Although the sum over j is
formally from �1 to +1, it converges very fast and the terms cor-
responding to the smallest zj play the main role.

The contribution from the planes, Bp, depends only on the posi-
tion in the transverse direction with respect to the airway axis, and
is defined by the two-dimensional vector q = (x, y), and is given by:

Bp ¼ 2B0dDv �
P8
j¼1
ðny cos uj � nx sin ujÞ � ½Uðq� RqjÞ � Uðq� rqjÞ�

UðaÞ ¼ 1
a2 ðaynx � axnyÞ; qj ¼ ðcos uj; sin ujÞ

ð7Þ

where the sum is over eight angles, uj ¼ f0; p=4; p=2; . . . ; 7p=4g.
The effect of the susceptibility induced inhomogeneous mag-

netic fields is analyzed assuming that Dv = 0.72 ppm (as for
water/air interface, CGS units) and the septa thickness d = 10 lm
[17,18]. The computer Monte-Carlo simulations were performed
in the same way as described above but now the phase u accumu-
lated by diffusing particles was calculated accounting for both the
external gradient and the internal inhomogeneous field Br + Bp. It
should be noted that the signal attenuation due to the internal field
gradients starts immediately after the RF pulse (some time before
the first gradient lobe) and continues after the second gradient
lobe. That is why its total duration, Tf, is longer than the duration
of external gradients D + d. In our simulations, we choose these
parameters according to the experimental protocol used in our
previous studies [4–6]: Tf = 7.2 ms, D + d = 3.6 ms. The signal S(b)
(simulated for R0 = 300 lm, r0 = 140 lm) is analyzed by means of
our model, Eq. (1). The results for the ‘‘apparent” parameters R
and r, as well as for the surface-to-volume ratio, are presented in
Table 2. The numbers in parenthesis represent the relative differ-
ence (in%) between the values found from the simulation data ob-
tained with B0 – 0 and the corresponding values obtained when
the internal field is absent (values given in the first row of Table 2).

According to Table 2, the effect of the internal inhomogeneous
field on the most important morphological parameter – surface-
to-volume ratio – is rather negligible at B0 = 1.5T; the effect in-
creases as B0 increases, reaching 16% at B0 = 7T. Thus, experiments
with high B0 can distort the fitting parameters and, of course, do
not increase SNR for hyperpolarized gas [19].

3.4. Optimization of b-values

Important practical questions also include (a) how does noise in
the experimental data affect estimation of model parameters and
(b) what is the optimal choice of experimental sequence parame-
ters for obtaining the best possible parameter estimate (given re-
stricted imaging time, typically, a 10-s breath-hold). Herein we
provide estimates of the optimal b-values that allow evaluation
of lung geometrical parameters with minimal errors based on the
method similar to [20]. We use Bayesian analysis [20,21] to exam-
ine how the estimated geometrical parameters R and r depend on
their ‘‘true values”, signal-to-noise ratio, and data sampling (that is,



Table 2
Effect of internal field gradients. Fitting results for simulated data at different external
field B0. The numbers in parenthesis represent the relative difference (%) between the
values found from the simulation data obtained with and without internal field
gradients.

B0 (T) R (lm) r (lm) S/V (cm�1)

Fitting parameters
0 317 136 222
1.5 316 (�0.2%) 138 (1%) 221 (�0.3%)
3 315 (�0.6%) 141 (4%) 219 (�1.4%)
4.7 314 (�0.7%) 150 (10%) 212 (�4%)
7 325 (3%) 181 (33%) 186 (�16%)
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the b-values). To achieve the maximum lung coverage in an exper-
imental setting with restricted data acquisition time, the number N
of b-values should be chosen to be as few as possible (N = 3 in our
case because the data is characterized by three parameters: S0, R,
and h, as in Eq. (1) with DL and DT defined by Eqs. (13), (14),
(16), (17)). Here we demonstrate that the smallest uncertainty in
parameter estimates can be achieved by using a set of unequally
spaced b-values.

The basic quantity in Bayesian analysis is a joint posterior prob-
ability Pðfpjg Data; r; Ij Þ for model parameters {pj} given all of the
data Data, the noise standard deviation , and the prior information
I. In the high signal-to-noise approximation [21]

Pðfpjg Data;r; Ij Þ / expð�Q=2r2Þ ð8Þ

where Q ¼
PN�1

n¼0 ŜðbnÞ � SðbnÞ
h i2

. Here the function ŜðbiÞ represents
Data and is determined from the model S(bi) (Eq. (1) with DL and DT

defined by Eqs. (13), (14), (16), (17)) by substitution of the param-
eters pi = {R, h, S0} with their ‘‘true” values p̂i. To estimate any
parameter in the model, a posterior probability for the parameters
should be calculated, from which the estimated values of the
parameters can be found in the form:

ðpjÞest ¼ p̂j � dpj; dpj ¼ SNR�1 � ðDj=DÞ1=2
; ð9Þ

where dpj are the expected uncertainties of the estimated parame-
ters, SNR ¼ Ŝ0=r is the signal-to-noise ratio; D is the determinant of
the variance–covariance matrix A with the rank M equal to the
number of model parameters, and Dj is the minor of this matrix cor-
responding to the diagonal element jj. The matrix elements of A are
determined by the derivatives of the function S(bn):

Aij ¼
XN�1

n¼0

SiðbnÞSjðbnÞ; Si ¼ ð@S=@piÞpi¼p̂i
ð10Þ

Optimal parameters of the pulse sequence correspond to a set of
b-values minimizing the expected uncertainties dpj. Obviously, the
number of b-values N cannot be smaller than the number of the
model parameters M, (if N < M, the determinant D = 0, and all the
uncertainties dpj ?1). Here we restrict our analysis to the case
of a minimal number of b-values (N = 3), allowing estimation of
three parameters in the model given by Eq. (1) with DL and DT de-
fined by Eqs. (13), (14), (16), (17): the signal amplitude S0 and two
geometrical parameters of the acinar airways, R and r. Eqs. (9) and
(10) make it possible to estimate not only the expected uncertain-
ties of these parameters but the expected uncertainties of the
derivative parameters, i.e. the surface-to-volume ratio S/V, as well.
The expected uncertainty of the latter can be found by making use
of Eq. (11):

dðS=VÞ ¼ @ðS=VÞ
@R

� �2

ðdRÞ2 þ @ðS=VÞ
@r

� �2

ðdrÞ2
" #1=2

ð11Þ

The optimal set of b-values, resulting in the best parameter esti-
mates, corresponds to the minimum of dpj in Eq. (11). One of the
optimal b-values is found to be b0 = 0; two others will be denoted
as b1 and b2. Obviously, the set of optimal b1 and b2 depends on
the targeted estimated parameter. In what follows, we consider
optimization with respect to the most important morphological
parameter, S/V.

An analysis of d(S/V) in Eq. (11) (not detailed here) demon-
strates that for typical values of R and r for human lungs, the opti-
mal b1 resides in a narrow interval from 2 to 3 s/cm2, whereas the
optimal b2 is rather high, from 12 to 20 s/cm2, as shown in Fig. 4a.
Such high b-values require strong diffusion-sensitizing gradients
which are not always available and assume a sufficiently high
SNR to accurately measure the strongly-attenuated signal at these
b-values. Fortunately, the b2-dependence is rather weak; therefore,
nearly the same quality of parameter estimates can be achieved
with slightly smaller than optimal b2 values.

The dependence of the relative uncertainty estimate, e = d(S/V)/
(S/V), on b2 is shown in Fig. 4a (solid line) for b1 = 2 s/cm2 and acinar
airway parameters typical of healthy lungs, R = 300 lm, r = 140 lm,
and SNR = 100. This graph demonstrates that the parameter e dra-
matically decreases as b2 increases up to 7–8 s/cm2 and remains
practically flat for higher b-values. The relative errors in the param-
eter estimates corresponding to b2 > 8 s/cm2 do not exceed 5% at this
SNR. Thus, in real experiments, the optimal choice of b-values is a
compromise between the best estimates of the desired parameters
and hardware restrictions on gradient strength.

As already mentioned above, the set of optimal b1 and b2 de-
pends on the targeted estimated parameter. For example, the best
choice of b-values in the 3b experiment corresponding to optimiz-
ing the parameter R or r is, generally speaking, different from that
corresponding to S/V. However, a numerical analysis demonstrates
that the dependencies of the relative uncertainty estimates for R or
r, eR = dR/R and er = dr/r, on b1 and b2 are very similar to that of the
parameter e, discussed above: for both these parameters, the opti-
mal b1 resides in a narrow interval from 2 to 3 s/cm2, whereas eR

and er dramatically decreases as b2 increases up to 7–8 s/cm2 and
remains practically flat for higher b-values. Thus, the compromise
choice of b-values for eR and er is the same as for the parameter
e: b1 = 2–3 s/cm2 and b2 = 7–8 s/cm2.

The optimum choice of the three b-values has a clear physical
basis. The b0 = 0 measurement obviously establishes the value of
S0 in Eq. (1). The value b1 = 2–3 s/cm2 results in e-fold attenuation
of the factor in Eq. (1), depending on Dan = DL � DT, given that Dan is
approximately 0.3 s/cm2 for our chosen parameters. The larger b2

serves to establish DT, the parameter describing the most slowly
decaying component in the signal – the exponential factor in
Eq. (1) (DT is approximately 0.07 s/cm2 for our chosen parameters).
It should be noted that if, for some reason, the maximal b-value is
chosen to be not high enough, the uncertainty in parameter
estimate will be much higher due to insufficient dynamic range.

For comparison, similar relative errors are shown (dashed lines)
for experiments with six equidistant b-values (0, b2/5, 2b2/
5, . . . , b2) and SNR = 100/

p
2 (decrease in SNR by the factor

p
2 is

due to the decreased flip angle necessary to acquire twice as many
b-values). As we see, for the same maximum gradient, the 3b-value
pulse sequence with non-equidistant optimized b-values results in
slightly smaller uncertainties of the estimated parameters than
the 6b-value pulse sequence. Importantly, the 3b-value pulse se-
quence also requires only half the time as compared to a 6b-value
pulse sequence.

The results shown in Fig. 4a correspond to acinar airways
typical of the healthy lungs. In mild emphysema the external
airway radius R slightly increases whereas the internal radius r in-
creases substantially [6]. Fig. 4b illustrates the dependence of the
relative error of S/V on the internal radius r for R = 300 lm. The rel-
ative error of the external radius R monotonically decreases (not
shown), whereas that of the internal radius r has a minimum at
r = 170 lm.



Fig. 4. (a) The dependence of the relative uncertainty estimate of the surface-to-volume ratio, e = d(S/V)/(S/V), on b2 in the 3b experiment for R = 300 lm, r = 140 lm, and
SNR = 100; b1 = 2 s/cm2. (b) The dependence of e on the internal radius r at R = 300 lm, SNR = 100, b1 = 2 s/cm2, b2 = 10 s/cm2. The dashed curves in (a) and (b) corresponds to e
in the 6b experiment with equidistant b-values (0, b2/5, 2b2/5, . . . , b2).
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Thus, in the range of acinar airway parameters corresponding to
healthy lungs and lungs with initial stages of emphysema, the opti-
mized 3b-value pulse sequence results in smaller relative errors in
the parameter estimates than can be achieved by means of the
twice longer 6b-value pulse sequence with equidistant sampling.
This reduced imaging time can be harnessed to decrease the dura-
tion of breath-hold or to increase the number of acquired slices.

4. Conclusions

In this study, we analyze the accuracy of the MRI-based 3He
lung morphometry technique [4–6]. The initial works with the
3He lung morphometry technique approximated the acinar air-
ways as very long cylinders, all with the same radii R and r. The
present work aims at analyzing effects of realistic acinar airway
structures, incorporating airway branching, physiological airway
lengths, a physiological ratio of airway ducts and sacs, and distri-
butions of airway radii R and r. Analysis of the signals simulated
in this way, using the model equations, returns values of R, r, and
S/V in good agreement with the input parameters of the simula-
tions. Thus, the approximations that the initial work was based
upon are quite justified and in a practical sense, the results of
the 3He lung morphometry technique are no longer dependent
upon these assumptions. We also demonstrate that the effect of
the susceptibility induced inhomogeneous magnetic field on the
parameter estimate is negligible at currently used field strength,
up to 4.7 T. Finally, we derive an optimal choice of MR pulse se-
quence parameters, which should be used to acquire a series of dif-
fusion-attenuated MR signals, allowing substantial decrease in the
acquisition time and improvement in accuracy of the results.
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Appendix A

Our previous Monte-Carlo simulations [5] demonstrated that
for a single acinar airway MR signal dependence on b-value devi-
ates from monoexponential behavior but for the moderate b-val-
ues used in most experiments (up to 10–12 s/cm2), the MR signal
can be well described by the second-order cumulant expansion.
In particular, if the diffusion-sensitizing gradient G is oriented
along the airway, the MR signal is:
SLðbÞ ¼ S0 exp½�bDLðbÞ� ð12Þ

where the apparent longitudinal diffusion coefficient depends on b:

DLðbÞ ¼ DL0 � ð1� bL � bDL0Þ ð13Þ

This expression includes terms of order b and b2 in the exponential,
that is often called kurtosis approximation (see for example [14]). In
[6], the parameters DL0 and bL were related to the main geometrical
parameters of the acinar airways R and h defined in Fig. 1:

DL0 ¼ D0 � exp �2:89 � ðh=RÞ1:78
h i

;

bL ¼ 35:6 � ðR=L1Þ1:5 � exp �4=
ffiffiffiffiffiffiffiffi
h=R

q� �
ð14Þ

When the diffusion-sensitizing gradient G is oriented perpendicular
to the airway, the MR signal has a similar form:

STðbÞ ¼ S0 exp½�bDTðbÞ� ð15Þ

where apparent transverse diffusion coefficient is

DTðbÞ ¼ DT0 � ð1þ bT � bDT0Þ ð16Þ

The parameter DT0 is also related to R and h [6]:

DT0 ¼ D0 � exp½�0:73 � ðL2=RÞ1:4� � ½1þ f ðR;hÞ�
f ðR;hÞ ¼ expð�A � ðh=RÞ2Þ � ½expð�5ðh=RÞ2Þ þ 5 � ðh=RÞ2 � 1�
A ¼ 1:3þ 0:25 � exp½14 � ðR=L2Þ2�
L2 ¼ ð4D0DÞ1=2

; bT ¼ 0:06
ð17Þ

Eqs. (12)–(17) are obtained as empirical descriptions of the re-
sults of computer Monte-Carlo simulations (see details in [5,6]).
These equations are valid for the diffusion time D in the millisecond
range and for alveolar parameters typical of healthy human lungs
and lungs with mild emphysema, R � 300–400 lm, h/R < 0.6 [3].
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